
International Journal of Emerging Technologies in Engineering Research (IJETER)   

Volume 4, Issue 12, December (2016)                                                                   www.ijeter.everscience.org  

  

 

 

ISSN: 2454-6410                                               ©EverScience Publications       26 

    

On the Negative Pell Equation 

127 22  xy  

K.Meena 

Former VC, Bharathidasan University, Trichy-620024, India. 

M.A.Gopalan 

Professor, Department of Mathematics, SIGC, Trichy-620002, India. 

A.Jesintha mary 

M.PhilScholar, Department of Mathematics, SIGC, Trichy-620002, India. 

Abstract – The binary quadratic equation represented by the 

negative pellian 127 22  xy is analyzed for its distinct 

integer solutions. A few interesting relations among the solutions 

are given. Further, employing the solutions of the above 

hyperbola, we have obtained solutions of other choices of 

hyperbolas, parabolas and special Pythagorean triangle. 

Index Terms – Binary quadratic, hyperbola, parabola, integral 

solutions, Pell equation. 

2010 mathematics subject classification: 11D09. 

1. INTRODUCTION 

Diophantine equation of the form 122  Dxy ,where D is 

a given positive square-free integer is known as Pell equation 

and is one of the oldest Diophantine equation that has 

interesting mathematicians all over the world, since antiquity, 

J.L. Lagrange proved that the positive Pell equation 

122  Dxy  has infinitely many distinct integer solutions 

whereas the negative Pell equation 122  Dxy  does not 

always have a solution. In [1] an elementary proof of a 

criterium for the solvability of the Pell equation

122 Dyx where D is any positive non-square integer 

has been presented. For examples the equations 

13 22  xy , 47 22  xy  have no integer solutions 

whereas 165 22  xy , 1202 22  xy  have integer 

solutions. In this context, one may refer [2-17]. More 

specifically, one may refer “The on-line Encyclopedia of  

integersequences” (A031396, A130226, A031398) for values 

of D for which the negative Pell equation 122  Dxy  is 

solvable or not. In this communication, the negative Pell 

equation given by 127 22  xy  is considered and 

infinitely many integer solutions are obtained. A few 

interesting relations among the solutions are presented. 

2. METHOD OF ANALYSIS 

The negative Pell equation representing hyperbola under 

consideration is 

(1)                        127y 22  x
 

Whose smallest positive integer solution 4,2 00  yx  

To obtain the other solutions of (1), consider the Pell equation 

17 22  xy  whose solution is given by  
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Applying Brahamagupta Lemma between  00 , yx and

 nn yx ~,~ , the other integer solutions of (1) are given by  

nnn gfx 277 1   

nnn gfy 721 

 
The recurrence relations satisfied by the solutions x & y are 

given by  

,016 123   nnn xxx  

.....3,2,1,0,016 123   nyyy nnn  
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Some numerical examples of  yx & satisfying (1) are given 

in the Table 1 below 

Table 1: Examples 

 

From the above table, we observe some interesting relations among 

the solutions which are presented below 

1. Both  nn yx &  values are even. 

2. Each of the following expressions is a nasty number: 

 
3

36474 4222   nn xx
 

 
12

144295 4222   nn xx
 

 
2

2449 3222   nn yx
 

 
127

152443122 4222   nn yx
 

 
4

48377 2232   nn yx
 

 1274196 3232   nn yx  

 
4

48371561 4232   nn yx
 

 
127

1524118014 2242   nn yx
 

 
4

4859098 3242   nn yx
 

 1211803122 4242   nn yx  

 
3

36741180 4232   nn xx
 

 
3

36282 2232   nn yy
 

 
24

288223 13   nn yy
 

 
3

3644628 3242   nn yy
 

3. Each of the following expressions is a cubical integer: 

 

   214333 23732373   nnnn xxxx  

   315333 29532955184   nnnn xxxx  

   214333 49349144   nnnn yxyx  

   3n1n5n33n3 y2x15613y2x1561145161  

 

   123343 3773377576   nnnn yxyx  

   224343 3798337989   nnnn yxyx  

   325343 3715613371561576   nnnn yxyx

 

   133353 590735907145161   nnnn yxyx

 

   234353 59098359098576   nnnn yxyx

 

   335353 5901561359015619   nnnn yxyx

 

   325343 375903375903   nnnn xxxx

 

   123343 143143   nnnn yyyy  

   133353 223322320736   nnnn yyyy

 

   234353 223143223143   nnnn yyyy

 

 

 

n  
nx  ny  

0 2 4 

1 28 74 

2 446 1180 

3 7108 18806 

4 113282 299716 
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4. Relations among the Solutions: 

 213 14499   nnn xxx  

 211 3249   nnn xxy  

 212 2439   nnn xxy  

 213 381249   nnn xxy
 

 311 3381144   nnn xxy  

 313 3813144   nnn xxy  

 213 1442424   nnn yxx  

 121 24363   nnn yyx  

 213 3816324   nnn yxy  

 131 38131008   nnn yyx  

 123 938124   nnn yxx  

 122 36324   nnn yxy  

 123 24100824   nnn yxy  

 223 9243   nnn yxx  

 223 24633   nnn yxy  

 323 9324   nnn yxx  

 132 2463381   nnn yxy  

 331 38110083   nnn yxy  

 332 24633   nnn yxy  

 123 91449   nnn yyy  

3. REMARKABLE OBSERVATION 

I. Employing linear combinations among the solutions of (1), 

one may generate integer solutions for other choices of 

hyperbolas which are presented in the table 2 below. 

 

Table 2: Hyperbolas 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

S. No  YX ,  Hyperbola 

1  2112 237,14   nnnn xxxx  3247 22  XY  

2  3113 295,223   nnnn xxxx  8294474 22  XY  

3  2112 49,37   nnnn yxxy  230474 22  XY  

4  3113 21561,590   nnnn yxxy  5806447 22  XY  

5  1221 377,7   nnnn yxxy  230428 22  XY  

6  2222 3798,3714   nnnn yxxy  367 22  XY  

7  3223 371561,59014   nnnn yxxy  23047 22  XY  

8  1331 5907,2223   nnnn yxxy  5806447 22  XY  

9  2332 59098,37223   nnnn yxxy  23047 22  XY  
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II. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas 

which are presented in the table 3 below. 

Table 3: Parabolas 

S. No  YX ,  Parabola 

1  422212 237,14   nnnn xxxx  16297 2  YX  

2  422213 295,223   nnnn xxxx  414722887 2  YX  

3  322212 49,37   nnnn yxxy  1152487 2  YX  

4  422213 21561,590   nnnn yxxy  2903223817 2  YX  

5  223221 377,7   nnnn yxxy  28867 2  YX  

6  323222 3798,3714   nnnn yxxy  1837 2  YX  

7  423223 371561,59014   nnnn yxxy  1152247 2  YX  

8  224231 5907,2223   nnnn yxxy  2903223817 2  YX  

9  324232 59098,37223   nnnn yxxy  1152247 2  YX  

10  424233 5901561,590223   nnnn yxxy  1837 2  YX  

11  423223 37590,22314   nnnn xxxx  16297 2  YX  

12  223221 14,237   nnnn yyyy  1134632  YX  

13  224231 223,295   nnnn yyyy  725762522  YX  

14  324232 22314,37590   nnnn yyyy  1134632  YX  

 

III. Consider  111 ,   nnn xnyxm  Observe that  

0 nm .Treat nm, as the generators of the 

Pythagorean triangle   ,,T , where  

2222 ,,2 nmnmmn    

10  3333 5901561,590223   nnnn yxxy  367 22  XY  

11  3223 37590,22314   nnnn xxxx  3247 22  XY  

12  1221 14,237   nnnn yyyy  22687 22  XY  

13  1331 223,295   nnnn yyyy  30098718722073636288 22  XY  

14  2332 22314,37590   nnnn yyyy  22687 22  XY  
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Then the following interesting relations are observed: 

 24572    
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4. CONCLUSION 

In this paper, we have presented infinitely many integer 

solutions for the hyperbola represented by the negative Pell 

equation 127 22  xy . As the binary quadratic 

Diophantine equations are rich in variety, one may search for 

the other choices of negative Pell equations and determine their 

integer solutions along with suitable properties. 
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